We characterize the pointwise multipliers from a weak Orlicz space to another weak Orlicz space.
Introduction
Let Ω = (Ω, µ) be a complete σ-finite measure space. We denote by L 0 (Ω) the set of all measurable functions from Ω to R or C. Then L 0 (Ω) is a linear space under the usual sum and scalar multiplication. Let E 1 , E 2 ⊂ L 0 (Ω) be subspaces. We say that a function g ∈ L 0 (Ω) is a pointwise multiplier from E 1 to E 2 , if the pointwise multiplication f g is in E 2 for any f ∈ E 1 . We denote by PWM(E 1 , E 2 ) the set of all pointwise multipliers from E 1 to E 2 . We abbreviate PWM(E, E) to PWM(E). For example,
The pointwise multipliers are basic operators on function spaces and thus the characterization of pointwise multipliers is not only interesting itself but also sometimes very useful to other study.
For p ∈ (0, ∞], L p (Ω) denotes the usual Lebesgue space equipped with the norm
Then L p (Ω) is a complete quasi-normed space (quasi-Banach space). If p ∈ [1, ∞], then it is a Banach space. It is well known as Hölder's inequality that
for 1/p 2 = 1/p 1 + 1/p 3 with p i ∈ (0, ∞], i = 1, 2, 3. This shows that
and
where
Conversely, we can show the reverse inclusion by using the uniform boundedness theorem or the closed graph theorem. That is,
.
Proofs of (1.1) and (1.2) are in Maligranda and Persson [12, Proposition 3 and Theorem 1]. See also [17] for a survey on pointwise multipliers. The characterization (1.1) was extended to several function spaces, for example, Orlicz spaces, Lorentz spaces, Morrey spaces, etc, see [1, 6, 7, 9, 11, 12, 13, 14, 15, 16, 18] and the references in [17] . In this paper we give the characterization of pointwise multipliers on weak Orlicz spaces. To do this we first prove a generalized Hölder's inequality for the weak Orlicz spaces. Next, to characterize the pointwise multipliers, we use the fact that all pointwise multipliers from a weak Orlicz space to another weak Orlicz space are bounded operators. This fact follows from Theorem 1.1 and Corollary 1.2 bellow. We always assume that the function spaces E ⊂ L 0 (Ω) have the following property, see [3, pages 94] in which this property is referred to as supp E = Ω:
We say that a quasi-normed space E ⊂ L 0 (Ω) has the lattice property if the following holds:
Then we have the following theorem:
have the lattice property (1.4). For any sequence of functions f j ∈ E, j = 1, 2, · · · , if f j → 0 in E, then f j → 0 in measure on every measurable set with finite measure.
Using the closed graph theorem, we have the following corollary:
. If E 1 and E 2 are complete quasi-normed spaces with the lattice property (1.4), then all g ∈ PWM(E 1 , E 2 ) are bounded operators.
Since the weak Orlicz spaces are complete quasi-normed spaces with the lattice property (1.4), all pointwise multipliers from a weak Orlicz space to another weak Orlicz space are bounded operators.
Orlicz spaces are introduced by [20, 21] . For the theory of Orlicz spaces, see [4, 5, 8, 10, 22] for example. See also [2] for the weak Orlicz space.
The organization of this paper is as follows. We recall the definitions of the Young functions and the weak Orlicz spaces in Section 2. Then we state main results in Section 3. The proof method is the same as [11] . However we need to investigate the properties of the quasi-norm on the weak Orlicz space. We do this in Section 4 to prove the main results in Section 5. We denote by Φ Y the set of all Young functions. We also define three subsets
Young functions and weak Orlicz spaces
Remark 2.1. We have the following properties of Φ ∈ Φ Y :
and Φ is bijective from [a(Φ), ∞) to [0, ∞).
To see this we only set Ψ = Φ + Θ, where we choose Θ ∈ Y (2) such that 
Then Φ (∞) is a Young function and
Hence,
We note that (2.6) sup
and then
We give a proof of (2.6) for readers' convenience, see Proposition 4. Remark 2.2. We have the following properties of Φ ∈ Φ Y and its inverse:
Remark 2.3. Sometimes one defines
Main results
For Young functions Φ 1 and Φ 2 , we denote by g PWM(wL Φ 1 (Ω),wL Φ 2 (Ω)) the opera-
The following result is a generalized
Hölder's inequality for the weak Orlicz spaces. constant C such that, for all u ∈ (0, ∞),
then, for all f ∈ wL Φ 1 (Ω) and g ∈ wL
Consequently,
and, for all g ∈ L Φ 3 (Ω),
For the Orlicz spaces, it is known by O'Neil [19] that, if (3.1) holds, then
Next, we state our main result. 
and, for all g ∈ PWM(wL
In [11] it was shown that, if (3.2) holds, then
Corollary 3.3. Let Φ i , i = 1, 2, 3, be Young functions. If there exists a positive constant C i , i = 1, 2, such that, for all u ∈ (0, ∞),
In the following, for functions P, Q : [0, ∞) → [0, ∞), P (t) ∼ Q(t) means that there exists a positive constant C such that C −1 P (t) ≤ Q(t) ≤ CP (t) for all t ∈ [0, ∞).
, and
Hence, if 1/p 1 + 1/p 3 = 1/p 2 and
and g PWM(wL Φ 1 (Ω),wL Φ 2 (Ω)) is comparable to g wL Φ 3 (Ω) .
Properties of the quasi-norm
In this section we investigate the properties of the quasi-norm · wL Φ (Ω) to prove the main results. For two Young functions Φ and Ψ, if there exist positive constants C 1 and C 2 such that Φ(
then wL Φ (Ω) = wL Ψ (Ω) and
By the measure theory we have the following property:
(4.1) f j ≥ 0 and f j ր f a.e. =⇒ lim j µ(f j , t) = µ(f, t) for each t ∈ [0, ∞).
From this property and the left continuity of the Young function Φ we have the following property:
We also have the Fatou property:
and g is a finitely simple function and g = 0, then g ∈ wL Φ (Ω) and
, t = 1.
In this case Φ is strictly increasing and bijective from (a(Φ), ∞) to (0, ∞). Let g be a finitely simple function. We may assume that g ≥ 0, i.e.,
where A k are pairwise disjoint. Then every Φ(c k /λ) is continuous and nonincreasing with respect to λ > 0. Moreover, Φ(c k /λ) is strictly decreasing on (0, c k /a(Φ)) (for a(Φ) = 0 we understand c k /a(Φ) = ∞). Observing
we have
Therefore, I Φ (g/λ) is continuous and strictly decreasing on (0, c N /a(Φ)). Since lim λ→0 I Φ (g/λ) = ∞ and lim λ→c N /a(Φ) I Φ (g/λ) = 0, we obtain that I Φ (g/·) is bijective from (0, c N /a(Φ)) to (0, ∞). That is, there exists a unique λ ∈ (0, c N /a(Φ)) such that I Φ (g/λ) = 1. In the rest of this section we show the following proposition. 
That is,
Therefore, we have the conclusion.
Proof of Proposition 4.2. Let a = a(Φ) and b = b(Φ).
. Then Φ is bijective from (a, b) to (0, ∞), and then
where we used Lemma 4.3 for the last equality. If b = ∞, then the above equalities
If sup
Therefore, we have (4.4). 
where we used Lemma 4.3 for the last equality. If µ(f, b) = 0, then
If µ(f, b) > 0, then µ(f, b + 1/j) > 0 for some j ∈ N by the measure theory. Hence,
On the other hand, µ(f, b) > 0 implies that, for all u ∈ (Φ(b), ∞),
Therefore, we have (4.4).
Proofs
Proof of Theorem 3.1. Let f ∈ wL Φ 1 (Ω) and g ∈ wL Φ 3 (Ω). We may assume that f, g ≥ 0 and f wL Φ 1 (Ω) = g wL Φ 3 (Ω) = 1. Let
Then, by the assumption (3.1) and (P1),
Hence, by (P1),
where we used (4.2) for the last inequality. Therefore, f g wL Φ 2 (Ω) ≤ 4C and the proof is complete.
Proof of Theorem 3.2. Case 1. Φ 2 and Φ 3 are in
Assume first that g is a finitely simple function. Then g ∈ wL Φ 3 (Ω) and
From the property (P1) it follows that Φ 1 (h(x)) ≤ G(x) a.e. in Ω and
which gives h wL Φ 1 (Ω) ≤ 1. Next we show that
If G(x) > 0, then by the property (P2) and the assumption (3.2),
and hence, by (P3),
= 0. Thus, we have (5.1).
By Proposition 4.1 we have
, t ≥ sup
, t = 1 and so hg wL Φ 2 (Ω) ≥ 1 C g wL Φ 3 (Ω) , that is,
where we use the fact that the pointwise multiplier g is a bounded operator.
In the general case, g can be approximated by a sequence of finitely simple functions {g j } such that 0 ≤ g j ր |g| a.e. in Ω, since µ is a σ-finite measure. Then holds for all 0 < δ < 1. Therefore, g PWM(wL Φ 1 (Ω),wL Φ 2 (Ω)) ≥ 1 C g wL Φ 3 (Ω) , and the proof is finished.
